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Abstract. We define four classes of point processes which we call A,
B, *A, *B. Although we study point processes on R, these classes are
suitable for generalizations for point processes on R" and other mea-
sure metric spaces. The main result is the equivalence of classes *A
and *B for point processes on R. As a matter of fact, we prove that
A¢ B G xA=xB ¢S, where S is the class of simple processes. We
also relate these classes and the class of Poisson processes.

1. Introduction

Point process intensity estimation is an important topic both for theo-
retical and practical purposes. The estimation of the intensity may be done
via wavelets (see [1], [2], [3], [4], [9], [10] and [11]). In practice, it is common
not to know if the intensity of a process belongs to some class of functions
or not. Thus it is important to have methods that can deal with as wide as
possible classes of point processes. In what follows, we will define classes of
point processes that are suitable for wavelet estimation of their intensity.
These are very wide classes. Particularly, the conditions to be fulfilled by
a point process to belong to *B are really mild.

This article is organized as follows. In section 2 we present some back-
ground and notation for point processes. In section 3 the classes are defined.
Section 4 is devoted to establish the interrelationship between classes and
in section 5 we study the special case of Poisson processes. In section 6 we
present a short conclusion.
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194 J. C. S. de Miranda

2. Point Processes Background and Notation

2.1. Notation. We will work with Lebesgue measurable functions, h :
R™ — R that are bounded over bounded R™-intervals or, equivalently,
that are Lebesgue integrable and bounded over bounded R™- intervals.
We will call this class of functions £™. We will denote by £ the class
of Lebesgue integrable functions over bounded R™-intervals. The class of
Riemann integrable functions h : R”™ — R over bounded R™-intervals will
be denoted by R™. Since all Riemann integrable functions over bounded
intervals are bounded over these intervals, we have R™ C L™.

The Lebesgue measure on R™ will be simply denoted by ¢ independently
of the dimension m. Whenever it is necessary or to emphasize dimension,
we will write £,,. The o-algebra of Lebesgue measurable sets in R™ is
denoted by Agm and Brm stands for the o-algebra of Borel sets. Functions
that only differ over zero measure subsets of their common domain or of a
common extension of their domains are naturally considered identical. All
functions are considered to be measurable.

We denote by N(A) the number of events that occur in A C R. If
A = (a, ], we write N(«, ] instead of N((«,3]). We also denote by N
the integer valued function defined by the equalities N(¢) = N(0,¢], if t >
0,N(0) =0and N(t) = —N(t,0] if ¢ < 0. Clearly N(o, 8] = N(B) — N(«).
Let {720 <71 <790<0<7 <79 <---} denote the times at which
the events occur. Then N(t) = n, if and only if 7, <t < T,41.

Provided that probabilities of the form

P(N(a1, 1] =n1, ..., N(og, Bl = ng)

are defined and consistent, for all £ € N* = {1,2,...}, and all ny,...,ng
non-negative integers, we can define an appropriate probability space
(Q, A, P), such that there exists a measurable mapping from this space to

(R%, Bgz), defining then a stochastic point process that will also be called
N.

2.2. Intensity and Product Density. Suppose that there exists a posi-
tive real number ¢ and a constant K5 > 0 such that for all intervals A C R
with length |A| < 0, all integers n > 1 and all ¢t € R, not only the relation

P{N(A) =n} < Ks|A|" (1)
holds, but also the limit
1

alm A PNA) =1 =pa () 2)
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Some Classes of Point Processes 195

exists uniformly in ¢. Inequality (1) implies that

P{N(A) > 1} < K5()_ |AF) = O(|1AP).
Jj=2
Note that if inequality (1) were valid for n = 1 then we would have
P{N(A) = 1}/|A] < Ks and hence, if it would exist, py(t) would be
a bounded function on R. Also observe that (2) implies that Vo € R,

P{N({z}) =1} = 0, otherwise there would exist ¢t € R for which the limit
pn(t) would be infinite.

Due to uniformity, relation (2) is equivalent to
P{N(A) =1} = pn (1) |A] + or,a(|A]),

for an infinitesimal o¢ A (2) with the following properties:

Ve>0,30>0,Vt e R,VACR,t €A, (0<|A] <) = |oa(|A])] < 5A|
and oy A (0) =0,

that is, Ve > 0,30 > 0, (0 < 2 < d) = sup |oga(2)] < §2 < ez and

tER,ACR
tEA,| A==
Ot,A(O) =0.
The quantity sup |o;,a(2)| = o(z) is a non-negative infinitesimal in-
tER,ACR
teEA,|Al=z

dependent of ¢t and A. In this sense, we also write [0, a(|A])] < o(|A]).
For the ease of notation, we will write o; instead of o; A.
We say that py(t) is the intensity of occurrence of events at time ¢,
more precisely, of single occurrence of events at t.

Suppose now that there exists a positive real number § and a constant
ksm such that for all intervals Aq,..., A, of the real line with lengths
0 < |A;] < 9,1 <i<m,allintegers n; > 1 and all vectors (t1,...,t,) € R™
with t; # t; for ¢ # j, 1 <7 <m, 1 < j < m, both properties below are
valid:

if (n1, ... nm) # (1,...,1) then P{N(A;) = ns, 1 < i < m} < kg [ [ 14:™

i=1
(3)
and for|A| := (|Aq],...,|An]) € RY)™, t; € Aj, 1 < i < m, there exists
the limit
lim — P{N(A;)) =1,1<i<m}=pn(t, .. tm). (4)
|A|—=0 H ’Az|
i=1
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196 J. C. S. de Miranda

The limit above measures the intensity of the joint occurrence of events in
the distinct times t1,...,t,,. We might call it the joint intensity. Since un-
1 m
der the relations (3) and (4) it is also valid that lim — E{[] N(A)}
|A]—=0 1A =
(2
i=1

= pm(t1,...,tm), Pm is called product density of order m. Relation (4)
implies that

P{N(A) =1,1< i <m} =pu(tr,.. tm) [ 1A + 0 pm, a, (1A (5)
=1

oy 11, A, ([A])
l:[l AY

for oy ;ym | A, (|A[) an infinitesimal such that — 0 when A —

Again, for the ease of notation, we write o; instead of 0
t: 7
i=1

We can also define cumulants for N (t); and in particular, we define the
limit covariance, for u # v, by

Cov (N, N)(A1 x Ay)

g2(u,v) = lim
(o) = A A

Whenever pa(u,v), p1(u) and p2(v) exist, we write
Cov (N, N)(Al X Az)

- 1
a2(u,v) A0 1AL [[As)]
_ o ENV(AYN(A2)) . E(N(A1)) E(N(A2))
|A] =0 |A1]]Asg] Al=0 A |Ag|

= pa(u,v) = p1(u)pa(v).
The following proposition and theorem will be useful in section 4.
Proposition 2.1. Under conditions (1) and (2), we have
P{N(A)=1} < B{N(A)} < P{N(A)=1}+0(A]%),
P{N(A)=1} - A< Var{N(A)} < P{N(A)=1}+ B,
where A and B are O(]A|?) whenever sup py (t) is finite.

teA
Therefore we can write
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Some Classes of Point Processes 197

E{N(A)} = pn(B)|A[ + o:(|A])

and
Var{N(A)} = pn(t)|A] + o (|A]).

These infinitesimals 0o; = 0; A may depend on ¢t and A but their absolute
values are bounded by other o’s which are independent of ¢.

Theorem 2.1. Let £™ = {z = (z1,...,2m) € R"|z; = x; for some pair
m

i,7,i # j}, ¢ an E <H dN(tZ-)) -integrable function on R™\ €™, py, the
i=1

m-th order product deﬁsity and p1 = pn the intensity function of a point
process N that satisfies (3) and (4). Then, if pm € L, m > 1, we have

E AN (t;) | = m | | dti .
JAL ) X B S |

i=1
Clearly, &' = () and £2 = D = {(x, ) € R?|x € R} is the diagonal set of
R2.
Proofs and further results can be found in [4] and [9)].

3. Definition of Classes

Definition 1. We will say that a point process N satisfies

hypothesis B: when N satisfies relations (1) and (2) and p1 = pn € .
Since (1), (2) and p1 € ' implyp1 € C(R,R) c R' c L C Zl, hypothesis
B is equivalent to (1), (2) and p1 continuous (see [4] and [5]).

hypothesis A: when N satisfies hypothesis B and also relations (3), (4) for
m =2 and py € ZQ, p2 essentially bounded over bounded intervals.

The classes A and B are defined by N € B if and only if N satisfies
hypothesis B and N € A if and only if N satisfies hypothesis A.

Next we define two wider classes of point process.

Definition 2. A point process N satisfies hypotheses *B when not only its
expectation measure is absolutely continuous with respect to the Lebesgue

measure, EN < (, that is, when there exists dEN/d{ € Zl, but also the
following relation holds: YVt € R VA C R, A interval, t € A, EN(A) =
P{N(A) =1} + or,a(|A]).
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198 J. C. S. de Miranda

The class *B is defined by N € *B if and only if N satisfies hypothesis
*B.

Theorem 3.1. Let N be a point process that satisfies hypothesis *B. Then
the intensity defining limit py exists and dEN/d¢ = py a.e.[{].

Proof: For all t € R, we compute the intensity defining limit py(t):

L P{N(A) =1} L EN(A) —o(|A]) L EN(A)
pn(t) = lim A = lim A = lim IA]
|A|—0 |Al—0 |A|—0

dEN z
Let f = TR o(r) = ff(y)dy, A = |a,bl, a < b, hy = b—t and

ho =t — a. Thus,
p(t+h) —p(t —ha)

PN = T Tk,
ho—0
Now,
plt+h1) = p(t —ha)
hi + ho a
oot h) =) M n ot —h2) —p(t) ho
- hi hi + ho —hsg h1 + hg
= () + o)+ (£() + 0p(—h2)) —2
hi + ha hi + ho
hy ha
= 10+ (o) o) ).

where, by Lebesgue’s differentiation theorem, o; is an infinitesimal a.e.[(]
(this means that the set of t’s such that o; is not an infinitesimal has zero
Lebesgue measure).

Since 0 < hl}i& <land0< hy <1, we have

ho — h1+ho
.ot +hy) =@t —hy)
hlirgo o = f(t) +0 a.e.[f].
ho—0
dEN
Thus, py(t) = 5, a.e.[(]. n

Definition 3. A point process N satisfies hypotheses *A when it is under
hypotheses *B and the equality

E(N x N)(AND) = ENm (AN D)
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Some Classes of Point Processes 199

holds for all A € Ag2, where D is the diagonal set of R? and m is the first
canonical projection.

The class *A is defined by N € *A if and only if N satisfies hypothesis
*A.

We observe that this condition is equivalent to say that the measure
E(N x N) restricted to diagonal, E(N x N)|p : Ap — R, is the induced
measure over the diagonal by the measure EN on the real line through 1,
that is, F(N x N)|p = ENm.

Definition 4. A point process is called non-internally correlated if and
only if for all A and B disjoint Lebesque measurable sets we have

Cov(N(A),N(B)) =0.

For non trivial examples of non internally correlated point processes, see
[8].

The following example shows the existence of point processes outside *B.
It also shows that EN < £ does not imply Vt € R VA C R, A interval,
te A, EN(A) = P{N(A) =1} + ot aA(JA]).
Example: Let N be a Poisson point process on R with intensity A. Let
M =2%N. Then, EM < (¢ and for all A, EM(A) = 2A|A] and P(M(A) =
1) = 0. Thus EM(A) = 2M\A| # P{N(A) =1} + o aA(JA]) =0+ 0 A(|A])
and M ¢ xB.

4. Interrelationships Between Classes

Theorem 4.1. If N satisfies hypothesis B then N is also under hypotheses
*B.

Proof: Since N satisfies hypothesis B, we not only have py € L1 but also,

by Theorem 2.1, py = dEN/d{ a.e.[f]. Thus dEN/d¢ € L!. Now, since
proposition (2.1) hypothesis is satisfied by point processes under hypothesis
B we have

P{N(A) =1} < B{N(A)} < P{N(A) = 1} + O(|A]%),
from which E{N(A)} = pn(t)|A] + or,a(|A]) "

Theorem 4.2. If N satisfies hypothesis A then N is also under hypotheses
*A.

Proof: Since N satisfies hypothesis A, it also satisfies B which implies IV
satisfies *B.
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200 J. C. S. de Miranda

For more details on the following part of this proof, see [4], [5] and [6].

Denoting by du not only the number du but also the interval [u, u + du),
we write

E(N x N)(du x du) = E (N[u,u + du)N[u,u + du))
P{N[u,u + du) = 1} < E{N[u,u + du)?} <
< P{N[u,u+ du) =1} + > j*P{N[u,u + du) = j}.
Jj=2
T}?éls,)E{N[u,u + du)?} = P{N[u,u + du) = 1} + o, (du) = py(u)du +
E(N x N)((du x du) \ D) = [*“t% f$+dup2d€ < M(du)?, since, as N

u

satisfies hypothesis A, there exists M > 0, such that pa(z,y) < M a.e.[(]
in du X du.

Let E(N x N)|p(A) = E(N x N)(AN D), for all A € Ags.

Thus, py (u)du+ oy (du) — M (du)? < E(N x N)|p(du x du) < py(uw)du+
0y (du) and, consequently, E(N x N)|p(du x du) = px(u)du + o, (du).
Neglecting higher order infinitesimals, we have

/ dE(N x N)|p :/ py (u)du :/ ——dl,
AND m1(AND) w1 (AND) de

E(N x N)(An D) = ENm (AN D).

i.e.,

Definition 5. A point process is called strictly simple if and only if Vw € §)
vVt € R N,({t}) € {0,1}.

That is, N is strictly simple when there are no simultaneous occurrences

of events.

Theorem 4.3. If N is a strictly simple point process under hypothesis *B
then N also satisfies hypothesis *A.

Proof: Take A € A bounded and let ) = {w € Q@ | Ny(A) = co}. As
dEN/dl € L' we have J4(dEN/dl)dl = EN(A) < co. Thus P(€,) = 0,
otherwise we would have EN(A) = fQ\Q'A N,(A)dP + fQ,A Ny (A)dP = 0.

Now, for all bounded A € Ag and Vw € Q\ €/, we can write the measure
Nyl as a counting measure Nula = D ic;, () %(W)0z;(w), Ja(w) finite
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Some Classes of Point Processes 201

set, Vj € Ja(w),zj(w) € A and Nyla(A) = 3 e, @) 1i(W)0e;(w)(A) =
> jetaw) Ni(w) € N. In this way, Vw € '\ ', we have

Nw’A X Nw|A - Z 1 (w)(;le (w) X Z U (w)(ssz(w) =
J1€J4(w) Jo€Ja(w)
= Z Njy (w)n]é (w)(smjl (w) X 690]-2 (w) =
(J1,52)€J% (W)
= D 0 (W) (W), ), @)-
(J1,52)€J% (w)
Thus,
N, x Nw‘AXA((A X A) ﬂD) =
= Y @) (W), ), @) (@, 2) ] € A}) =
(J1,52)€J% (W)

= Y i (W)gpyeey{ @2z € A = D ni(w)dy, w(A).

k€Ja(w) keJa(w)

As N is simple, for all k, n} (w) = ng(w) = 1; we have Ny, x Nyy|axa((A X
A)N D) = #Ja(w) = No|a(A).

In this way, we have obtained VA € Agr, A bounded, Vw € Q\ @,
P(Q;l) =0, (Nw X Nw)((A X A) N D) = Nw(A)

Thus, E(N xN)((Ax A)ND) = fQ\Q'A(Nw X Ny)((Ax A)ND)dP(w) =
fQ\Q/A N,(A)dP(w) = EN(A). That is E(N x N)((Ax A)nD) = EN(A).

Now, let C' € Ag2. If C is bounded E(N x N)(CND) = E(N x
N)(m(CND)xm(CND))ND) = EN(m1(CND)). If C is not bounded, let
IP = [2,2+1)2ND, so that CNIP is bounded. We have E(N x N)(CND) =

>z E(NXN)(CNDNIP) =3, ., EN(m(CNDNIP)) = EN(m(CND)).
This completes the proof. n

Definition 6. A point process is called simple if and only if P{w € Q | 3t €
R N,({t}) > 1} =0.

Lemma 4.1. Let a point process N defined on (2, A, P) be under hypothesis
*B. Then, if Q1 C Q is such that P(21) = 1, the point process N |q,,
restriction of N to Q1, is still under hypothesis *B.

Proof: We denote N |q, the restriction of the function N to €; subset of
its domain €2. This restriction naturally inherits a point process structure.
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202 J. C. S. de Miranda

It suffices to take A1 = ANQ; = {BNO|B € A} and Py = Py, : A —
[0,1].
Now, for all A € Ag we have

ENl|o, (A) = ; Nlq, (A)dPy = ; Nlg, (A)dP =
1 1

= | Nlq,(A)dP + N, (A)dP — N, (A)dP =
951 Q\Ql Q\Ql

_ / No(A)dP — / N (A)dP = EN(A)
Q (9N

since P(2\ Q1) =0. So EN|q, = EN.

In this way we have EN|o, = EN < £ and EN|q,(A) = EN(A)
P{N(A) =1}+0:aA(JA]) = P{w € Q|N(A) =1} + P{w € Q\ Q% |N(A)
1} +ora(|A]) = P{N]a, (A) = 1} + 0;,a(JA]).

Corollary 4.1. If N is a simple point process that satisfies hypothesis *B
then it also satisfies hypothesis *A.

Proof: Let Q = Q1 UQy where
O ={weQ|ftecRN{t}) > 1}

Q={we|HecRN{t}) > 1}.

Since N is simple we have P(€;) = 1 and P(€2) = 0. Furthermore N|gq,
is a strictly simple process under *B and this implies that N|q, satisfies
hypothesis *A. So we write:

E(N x N)Y(AND) = E((N x N)(AND)|w € Q) P{w € O}
E((N x N)(AN D)lw € Q2)P{w € s}
E(Nm(AND)|w € Q)

= E(N’ﬂ'l(A N D)|UJ S Ql)P(Ql)

E(Nm (AN D)|w € Q) P(Q)
ENWl(AﬂD).

_|_

+

Lemma 4.2. If N satisfies relation (5) then it is simple.
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Some Classes of Point Processes 203

Proof: Let for alln € N* foralli, 0 <i<n—1,A; =[i/n,(i+1)/n).
Then, for all n € N*

PlwueQ |3t € [0,1) N({t}) >1} <

< PlweQFi,0<i<n—-1,N(4A;)>1}

< D) O P{N(A) > 13 <Y (O KslAp)

i=1 i=1 j>2
N 21 y_ L 151 K
B ;K6|AZ| (1—|Ai|)_K51—1/nn(;n)_n—l'

Letting n — oo we have 0 < P{w € Q|3t € [0,1) N({t}) > 1} <0.
Repeating this argument for the intervals [m, m + 1), m € Z we write:
0 < PlweQ|IeRN{t}) >1}
< Y PlweQ|Itemm+1) N{t}) >1} <> 0=0.

meZ meZ
|
Theorem 4.4. If N satisfies hypothesis B then it is simple.
Proof: Direct consequence of Lemma 4.2. m

Corollary 4.2. If N satisfies hypothesis B, then N satisfies hypothesis *A.

Proof: Since N satisfies hypothesis B, it also satisfies hypothesis *B. Now,
by Theorem 4.4, N is simple and the conclusion follows by Corollary 4.1. m

Theorem 4.5. If N is a point process under hypothesis *A then it is simple.

Proof: Suppose it is not so. That is, N is under hypothesis *A and it
is not simple. Then, Q9 = {w € Q| 3t € R N({t}) > 1} is such that
P(Q) > 0. Let Qo = {w e Q|3 e [mm+1) N{t}) > 1}. In
this way Qo C |J Q2. and there is an my € Z such that P(Q,,,) > 0,
mEZL
otherwise we would have P(22) < >~ P(Qs,,) = 0. Now, since N is under
meZ
hypothesis *A it is under hypothesis *B, consequently, py € Z' and the set
Q" such that if w € Q" then N([m, m1+1)) = oo has zero probability. Let

S&o Paulo J.Math.Sci. 8, 2 (2014), 193-210



204 J. C. S. de Miranda

Q' = Q\Q". Let X be the random variable, X = (N xN)([m1,m1+1)2ND).
E((N x N)([m1,m1 +1)>N D)) = BE(X|Q)P() + BE(X|Q")P(Q") =
= BE(X|Q) =
= E(XIQ' N Qam, ) P(Q2,my) + E(X[Q N (Q\ Q2. ) P\ Q2m,y)-
Using Theorem’s 4.3 notation we write
X(w) =) nj(w) =Y np(w) = Ny[mi,my +1) for all w € '\ g, ,
and X (w) = an(w) >3+ an(w) =3+ Ny[mi,mi + 1),
for all w € Q' N Qg4 -
Thus, since P(Q') =1 and N satisfies hypothesis *A,
E((N X N)([ml,ml + 1)2 N D)) >
> (34 E(N[my,m1 + 1)|Q2m,)) P(Q2,m,) +
+E(N[my, m1 + 1]\ Qo my )P\ Q2.m, )
= ENm([m1,m1 +1)* N D)) +3P(Qamy) >
> ENWl([ml,ml + 1)2 N D)),
and this inequality implies that N is not under hypothesis *A. ]

Theorem 4.6. A point process is under hypothesis *A if and only if it is
simple and it satisfies hypothesis *B.

Proof: If part: Corollary 4.1.

Only if part: observe that *A implies *B by definition and that *A
implies simpleness by Theorem 4.5. ]

Lemma 4.3. Let a be a real number and 0 : [a,00) C R — RY be a
positive function. Then from the cover of [a,o0), given by {[t,t + 6(t))|t €
[a,00)} = C, we can choose for all x > a an enumerable disjoint subclass
{[ti, ti +(t:))|ti € I} of C that covers [a,x).

Proof: Let O be a non-enumerable ordinal and form the function f :
O — R such that f(0) = a and, for all ¢ € O, f(c") = f(c) + §(f(c)),
where ¢* is the successor of c. In case [ € O is a limit ordinal then f(I) =
sup{f(c)|c < 1}. This is a strictly increasing function in f~!(R). Take the
interval |J.colf(c), f(ct)). This interval is formed by a disjoint union of

intervals and its length is given by Y ..o (f(cT) — f(¢)) = > .co(6(f(c)).
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Some Classes of Point Processes 205

Since card O > card N and §(f(c)) > 0 for all ¢ € O we have
> (6(f(e) = o0

ceO
which implies that |J.co[f(c), f(cT)) D [a,0).

Now, let z, = inf{z | [a,2) can not be covered by .co,[f(c), f(c1)),
O, enumerable ordinal}. Clearly z. > a + d(a) > a.

Suppose x, € R. In this way, for all y < x, there exists an enumerable
ordinal O, such that [a,y) C U.eo, , [f(c), f(c7)).

Take, for all n € N*, y, = z, — (x4« —a)/(n + 1). Thus, the interval
la,z,) is contained in the union (J,, - (Uceooy [f(c), f(c1))) that is it-
self an enumerable union and can be written as (J.cp-[f(c), f(cT)), OF
enumerable ordinal. Now, as a direct consequence of the definition of z,,

the interval [a,z. 4+ 0(x4)) can not be covered by any enumerable union
of the form (J,cp, [f(c), f(c?)), and, at the same time, [a, 2. + 6(24)) =
(Ueeos[£(0), F(€))) U [z, s + 0(24)) = Uee(oz)+ [£(€), f(cT)), that is, it
is covered by an enumerable union of that very form.

The contradiction above leads us to the conclusion that x, ¢ R and that
for all = there exists an enumerable disjoint subclass of C that covers [a, z).
]

Theorem 4.7. If N is a point process under hypothesis *B then it is simple.

Proof: Since N in under hypothesis *B we can write VA C R, A interval,
Vt e R EN(A) = P{N(A) =1} + oy a(|A]). Thus, >, <o P{N(A) =n} =
P{N(A) > 1} < o a(|A]). Let Q3 = {w € Q|3t € R N,({t}) > 1} and
Qo = {w € Q|3 € [m,m + 1) N,({t}) > 1}. We have Qp = U,z Q2m
and P(QQ) S ZmeZ P(Qg,m).

For every {Af-m)}ie 1,, disjoint enumerable cover of [m,m + 1) formed by
intervals Agm) contained in [m, m+1), if Qg ,,; = {w € Q|3 € Agm) N,({t})
> 1} then we have Qo = Uy Q2mi and P(Qam) <D ic;  P(Q2m)-

Now Vt € R Ve >0 3o(t,) > 0 (0 < |A] < d(t,¢)) — 2302 < . This
implies that Vi € RVe > 0 P{N([t,t + 0(t,e)/2) > 1} < ed(t,e)/2.

Form a cover of [m,m+1) of the form {[t,t+0(t,)/2)N[m,m+1) |t €
[m,00)}. From this non-enumerable cover, as a consequence of Lemma

4.3, we can choose a disjoint enumerable sub-cover of [m,m + 1),{A§m) =
[ti,ti +0(ti,€)/2) N [m, m + 1)|i € I,,,}, for some I, enumerable set.
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Observe that Qo ,,; C {w € Q]N(w)(Agm)) > 1}. So we can write:
P(@om) < Ticy,, PIN(A™) > 1) < Tiey,, e8(ti€)/2 = <.

Now, letting ¢ — 0 we have P(£2,,) = 0 which implies P(€3) = 0. This
proves that N is simple. ]

Theorem 4.8. Equivalence Theorem for Point Processes on the
Real Line. A point processes N is under hypothesis *B if and only if it is
under hypothesis *A.

Proof: By Theorem 4.6 hypothesis *A is equivalent to hypothesis *B and
simpleness. By Theorem 4.7, hypothesis *B and simpleness is equivalent
to hypothesis *B. "

Theorem 4.9. Chain of class inclusions Let S be the class of simple
point processes on R. Then we have the following inclusions:A & B & xA =
*B ¢ S.

Proof: By definition, A C B. Theorem 4.1 guarantees B C *B and
Theorem 4.8 implies *B = *xA. Now, *A C S by Theorem 4.5. Thus
ACBC*B=xACS.

Let N7 be the independent sum of an homogeneous Poisson process with
a deterministic point process whose only occurrence is at ¢t = 0 with proba-
bility one. This is a simple point process with a fixed atom at 0. Thus EN;
is not absolutely continuous w.r.t the Lebesgue measure, and, consequently,
Nl ¢ xB.

Take N3 a non homogeneous Poisson process with intensity equals to 1
on (—o00,0) and intensity equals to 2 on [0, 00). Clearly, Ny € *B. Since its
intensity is not continuous, N2 does not belong to B.

Take N3 the point process defined by the following procedure: Let X :
2 — [0,1) be an uniform random variable and define the trajectories of N3
by N3, = X(w) + Z. Taking § = 0.1 and K5 = 1, for example, we have,
for all A with length less than 0, that P(N3(A) =n) =0 < Ks|A|" for all
n > 1. We also have

. 1 . A
1 —P{N3(A)=1}= 1 — =
|A\—1{)I,1teA |A {Ns(4) } \A|—1>g,lt€A |A

uniformly in ¢. Thus, N3 € B. Now, choosing A; = [t,t + h) and Ay =
[t+1,t+ 1+ h) we have

L,

1 h
t,t+1)= i —P{N(A1) =1,N(Ay) =1} = i — =
ptnt 4 1) = I PN =LN(A) =1} = T 75 =
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and N3 ¢ %A. This completes the proof. n

5. Equivalence Under Poisson Hypothesis

We recall that one important point process is the (non-homogeneous)
Poisson process, for which we are given a non-decreasing, right-continuous
function A(t), such that whenever (a4, 3;] N (a, 8] = 0, for all i # j,

k "
P(N(as, 1] = m1, s Nl B = i) = [ | (Wﬂj) ;J{!&(aj)] e—[A(ﬂn—A(am) ,

1

J

(6)

As a consequence of this formula, the random variables N(«;, 8;] are
Poisson distributed with mean A(;) — A(a;) and form a completely inde-
pendent set. Equivalently, the number of events in any collection of disjoint
intervals are independent and Poisson distributed. An important special
case is when A(t) = At, A being the mean intensity of the process.

Observe that a Poisson process under hypothesis *B has no fixed atoms
otherwise we wouldn’t have FN < £. Note also that a Poisson processes
has no fixed atoms if and only if A is continuous.

The following lemma generalizes Lemma 4.2

Lemma 5.1. If for a point process N there are functions K : R — R* ,
bounded over bounded sets, and 6 : R — R* with the property that infrca
d(x) > 0 for all bounded sets A C R, such that for all intervals A of the
form [t,t + |A|) with length |A| < §(t), all integers n > 1 and allt € R we
have P{N(A) =n} < K(t)|A|", then N is simple.

Proof: Let a,b € R, a < b, A; = [a + i(b;a),a + (Hl)éb*a)), Kop =
sup{K (t)[t € [a,b)} and 0,5 = inf{d(t)[t € [a,b)}. There is an n* such
that 22 < min{1,8,,}. For all n > n* we have

PlweQ|3te[a,b) N{t}) > 1} < PlweQ|Fi,0<i<n—1, N(A;) >1}

n

< ZP{N(AZ) > 1} < Z(Z Ka,b AZ‘]) -
=1 =1 72>2
—a n —a a _a2
:Ka,b(bn )(1_(bl_a)/n)zbn _IZ,_b((l;_a)) — 0 as n — oo.
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In this way,
0<P{lweQ|IHeRN{t}) >1} <

< ZP{weQ | 3t € Im,m +1) N({t}) > 1} <

MEZ
<> 0=0.

We already know that classes *A and *B are equivalent for point pro-
cesses on R. The following theorem is weaker than Theorem 4.8 since we
assume that N is a Poisson process with py € L£'. As a matter of fact
it is presented here because its proof, as well as the previous lemma, are
suitable for generalizations to higher dimensions.

Theorem 5.1. If N is a Poisson process with px € L then N is under
hypothesis *B if and only if N is under hypothesis *A.

Proof: It suffices to prove that N is simple. Observe that Vo > 0
mazpen{%;} < zl®) and also that K; : R — R, K;(z) = z*] for pos-
itive x and Kj(x) = 0 otherwise, is a monotone non-decreasing function
that belong to £!. Construct the function

;

Ky | sup py |, fort € [-1,1]
[_272]

Ky | sup pny |, fort e [-2,2]\ [-1,1],
K(t) = (=3.3]

K, < sup pN> , for t € [-m,m]\ [-(m — 1), (m — 1)],
[—(m+1),(m+1)]

Clearly we have K € L.
Since N satisfies hypothesis *B we have:

b
EN(la,b)) = / pn(t)dt < (b—a) sup py(t)
a te[avb]

from which (W) < sup pn(?).
te(a,b]
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Now, take 0 : R — R the constant function 6(¢) = 1/2. For all intervals
A = [a,b) with length |A| < 6(t) = 1/2 we have

PIN[ab) =n) = 1 (A(b) — A(a)>ne—(A(b)—A(a))(b —am

n! b—a
=

(A=) S

| sup pn(t)]

< | swp pv(@® ] " h—a) < K(@)(b—a)",
[a,aJr%)
and Lemma’s 5.1 hypothesis is fulfilled. n

6. Conclusions

In this work we have defined four classes of point processes. We have
focused on point processes on the real line but the definitions of hypothesis
and classes are suitable for direct generalization to point process on R™
and more general spaces. An important result is the equivalence of classes
*B and *A for point process on the real line. We observe that to obtain
this equality of classes we have strongly used the order of the real num-
bers, although for Poisson process such that py € L1, this equivalence was
derived in such way that generalization for higher dimensions are possible.
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