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Abstract. By Birkhoff’s ergodic theorem, the set of points X, for
which the Birkhoff averages of a continuous function ¢ diverge has
zero measure with respect to any finite invariant measure. Thus, at
least from the point of view of ergodic theory, this set could not be
smaller. Nevertheless, it can be large from other points of view. For
example, for subshifts with the weak specification property, we showed
recently that X, is residual whenever it is nonempty (it is a simple
exercise to show that X, is dense whenever it is nonempty). The main
purpose of this note is to convey in the simplest possible manner the
proof of our result in the particular case of the full shift on a finite
number of symbols. This has the advantage of avoiding some accessory
technicalities that are necessary in the general case. In fact, we consider
also the more general case when the set of accumulation points of the
Birkhoff averages of a continuous function is a prescribed closed interval
and we show that it is residual whenever it is nonempty.
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136 L. Barreira, J. Li, and C. Valls

1. Introduction

We first introduce the notion of the irregular set for the Birkhoff averages
of a given function. Given a continuous map f: X — X on a compact met-
ric space, the irregular set for the Birkhoff averages of a function ¢: X — R
is defined by

1 n—1 ) 1 n—1 4
X, = € X : liminf — ! < li = ! :
. {w im inf > gw (x)) < limsup ~ ;w <x>>}
As a consequence of Birkhoff’s ergodic theorem, the irregular set has zero
measure with respect to any finite f-invariant measure g on X (this means
that pu(f~'A) = u(A) for any measurable set A C X).

Theorem 1. For a continuous map f on a compact metric space, if the
function ¢ is continuous, then (Xy,) = 0 for any f-invariant finite measure
won X.

On the other hand, it was shown in [4] that from the point of view of
topological dynamics and dimension theory the set X, can be as large as
the whole space. We formulate only a particular case of the results, for the
full shift, which is also the dynamical system considered in this note.

Theorem 2. For the full shift f on a finite number of symbols, if the
function ¢ is Hélder continuous, then X, is either empty or has Hausdorff
dimension equal to the Hausdorff dimension of the whole space X .

This phenomenon was first observed by Pesin and Pitskel in [9] for the
full shift on two symbols. We refer the reader to the book [1] for a detailed
discussion and to [3, 5, 6, 7, 8, 10] for related work. Besides the Hausdorff
dimension one may also consider the topological entropy and more generally
the topological pressure of the irregular set.

Here we consider yet another point of view for which an irregular set
can be very large, unlike what happens from the point of view of ergodic
theory. Namely, for the full shift on a finite number of symbols and for an
arbitrary continuous function ¢, we show that the set X, is either empty
or residual (we recall that a set is said to be residual if it contains a dense
Gy set).

Theorem 3. For the full shift f on a finite number of symbols, if the
function ¢ is continuous, then X, is either empty or residual.

This is a particular case of results of ours in [2] that consider the general

class of subshifts with the weak specification property. Roughly speaking,
a symbolic system is said to have the weak specification property if under
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Full shifts and irregular sets 137

iteration one can go from one cylinder set to another (see (1) for the def-
inition) eventually staying outside both of them for a bounded period of
time, independently of the initial and final cylinder sets.

In fact, we show in the remainder of the paper that some subsets of the
irregular set are also residual. Namely, given an interval I C R, let
Xi={zeX:A,() =1},

where A, () is the set of accumulation points of the sequence of Birkhoff
averages

1 n—1 ‘
S elf@),
=0

This is the content of Theorem 4, of which Theorem 3 is a corollary. We
refer the reader to [2] for details.

In order to show that the set X is residual we bridge together strings
of sufficiently large length corresponding to Birkhoff averages with differ-
ent limits in the interval I. Going back and forth between strings corre-
sponding to these limits one can ensure that the resulting Birkhoff averages
diverge and thus their initial points belong to the irregular set. The argu-
ments in [2] are also inspired in this idea, although since we are considering
arbitrary subshifts with the weak specification property various technical
complications arise that to some extent hide the main idea of the proof.

2. Formulation of the result

Let o be the shift map on ¥ = {1,...,k}", where k > 2 is an integer.
Moreover, let ¢: ¥ — R be a continuous function and consider the level
sets

B,(a) = {w €X: lim Sy(w,n) = a},

n—oo
where

1 n—1 .
Splw.m) =+ 3 pl(e'(w).
=0
We also consider the nonempty closed interval
L,={aeR:By(a) # 2}
and the set A, (w) of accumulation points of the sequence n +— Sy (w,n).

Theorem 4. Let p: ¥ — R be a continuous function. Given a closed
interval I C L, that is not a singleton, if the set

Seri={weX: A,(w) =1}

is nonempty, then it is residual.
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Proof. We first introduce some notation. For n € N, let 3" = {1,... k}"

and X* = J,,cn X" For each w € X", we write |w| = n and
wl={peX:pn=uw} (1)
where
(wl"')|n:(w1"'wn)‘
Given Wq,..., W, C ¥* and w € X*, we write
le---Wn:{wwl-uwn:wiGWi,lgign}
and W =Wy --- W, when Wy =--- =W, = W.

We proceed with the proof of the theorem. For each o € R, n € N and
e > 0, write

F(a,n,e) = {w|n:w € ¥ and |Sy(w,n) — af < e}.

Now let & € N and choose a1, ..., agq, € I such that

ar
Ic|JB(ani1/k) (2)
i=1
and
1 . 1
Qugip1 — au il < pfori=0,...,q -1 |tk g — 11| < T (3)
Moreover, let €1 > €9 > --- be a sequence of positive numbers decreasing

to zero and let
N1 <Nig<---<Nyg <N <N < - <Ngy <
be a sequence of positive integers such that
Fogi,ngex) #2 for keN, 1<i<gy.

It follows from Birkhoff’s ergodic theorem that this choice can be made.

Let Qo € U, ey X" For each w € Qq, we choose integers { Ny ; }ren,i=1,....;
(depending on w) such that:
(1) Nlﬂ; > 2™+l for 2 < < ¢ — 1,
Npi > 2"t for k>2,1 <0< q — 1,
Ni g, = 2"+01 for k > 1;
(ii) Nyiv1 > 2|r.u|+1\71,1nl,1+Nl,2711,2Jr---+1\7k,mk,i7

Nij11 > 2|W|+N1,1n1,1+N1,2n1,2+--'+Nk,qk”k,qk forke N, 1 <7< q,—1.
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Moreover, we define sets 5 ; C X* for k€ Nand ¢ = 1,...,¢q; by

<IN
O = U wF(aq,1,n1,1,61)7 00,
weo

>IN
Ma= J nF(ar2,m2,6)"2,
ne 1

>N
Q1= |J nF(o21,n21,62) ",

LIS
and so on. Finally, let
oo gk
Ey,; = U w] and FE = m ﬂE;“
wEQ ; k=1i=1

Clearly, E is a G; set since each cylinder set [w] is open. Moreover, by
construction, each set Ej; is dense and so it follows from Baire’s theorem
that F is also dense.

It remains to show that £ C X, 1 (since then ¥,,1 contains the dense G
set F and hence is residual). We must prove that A,(w) = I for w € E.
We recall that for each w € E, there exists w® € g such that

RS wOF(ole, ni1, El)NNl’l e (4)

We first show that I C Ag(w). Given

qk
aelc|]B(on1/k),

i=1
take i, € {1,...,q} such that a € B(ak,ik, 1/k) For simplicity of the
exposition, we assume that i, & {1, qx}. Let

q1 i
srp = WO+ Nignug+ -+ Y Ny, (5)
j=1 j=1

where r;, = (k,i;). We will prove that
1Sy (w, $p),) — ap,| =0 when k — oo. (6)
It follows from (6) that

|S%0(w787"k) - Oé| < ‘SSD(W? STk) - O‘m‘ + ’ark - O5|

1
< ‘Ssﬂ(w? STk) - O‘Tk‘ + E — 0
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when k — oco. Therefore, a« € A, (w) and I C A,(w). In order to prove (6),
write

S,,,k = g,rk + NrknTk. (7)
Since
o, | < llpll = max|p(w)],
we have
skal
Z ‘p(al(w)) = Srp Oy,
=0
Srp,—1 Srp,—1
< Z ‘P(Ul(w» _g"'kark + Z (P(O'Z(w)) _NTknTkaTk (8)
i=0 —

Nrk—l np,—1

<25, el + 3 | 3 e(od (0% H e (w))) — npan, |-

q=0 | j=0
Now we consider the numbers
va(p) = sup {lo(w) — ()] w,f € 5, wln = w/|n}
and

Vn(‘P) = Zvj((/?)-
j=1

By (4) and the definition of the set F'(a, , ny, , €k ), One can choose sequences
@0, ..., @V ! € ¥ such that
o )y, = D, (9
and
‘SQO(wq?nrk) - O‘Tk‘ < Ek (10)
for ¢ = 0,...N,, — 1. Denoting the last absolute value in (8) by Cj, it
follows from (9) and (10) that

C ~
n . < ‘SW(USTk+ank (w)7n7’k) - Sﬁﬂ(w 7n7‘k)’ + |S<P(w 7n7"k) aT‘k|
" (11)
nrk
< + €k
Ny,
for ¢ =0,... N, — 1. Together with (8) this implies that
srk—l
Y (o' (W) = smpan, | < 2 ||l + Ni (Vi () + ).
i=0
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Now we observe that it follows from condition (ii) that s,, /s, tends to
zero when k — oo. Indeed, using (5), (7) and condition (ii), we have

Sr
Sry, Ny, S 2%k
= —1=="ny 2 =—ny,
Sry, Sy, Sy,

and thus, s, /s, — +o0o when k — oo. Moreover, it follows from the
uniform continuity of ¢ that v, (¢) — 0 when n — co. Hence, V,,(¢)/n — 0
when n — oo and

NepVor, (@) _ Voo, (¢)

— 0 when k — oco.

Sry N,
By the definition of s,, (see (7)), we have s, > N, n, and N, /s, <
1/n,, . Therefore,

257 gl Vi, (#)

Sry Ny,

|Sp(w, sp,) — | < +er,—0

when k£ — oo, which completes the proof of (6).
Now we show that A,(w) C I. For each positive integer n > |w°| there
exist k € N, i, € {1,2,...,¢x} and 0 < p < Nj;, +1 such that
Sp F o0, <M< Sy 4+ (P4 D)0y, , (12)
where t;, = (k, i + 1). Notice that & — oo when n — co. We claim that
|Sp(w,n) — oy | = 0 when n — oo. (13)
For simplicity of the notation, in a similar manner to that in the former
ilillcalglsion we assume that i, # gx. If (13) holds, then it follows from (2)
dist (Sy(w,n),I) < |Sp(w,n) — ap,| + dist(ar,, ) — 0
when k£ — oo. Since [ is closed, we conclude that A, (w) C I.
Now we establish property (13). We have
Srp,—1

< Z (P(Ui(w» = Sy Oy

1=0

n—1

S elo'(w)) - na,

=0

Sry, +pntk -1

+ D w0t (W) = prgan

i:srk
n—1

+ Z ‘p(ai(w)) — (n = sp, — Py )i,

1=sr, +pne,

(14)
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and we denote the last two absolute values in (14) respectively by G,
and H,. We shall estimate each of these terms. In a similar manner to
that in (9) and (10), one can choose @?,...,wP~! € ¥ such that

ok e (w)’ntk = wq|ntk (15)
and
’SW(quntk) - atk‘ < E&g (16)

for ¢ =0,...p—1. Proceeding as in (11), it follows from (3), (15) and (16)
that

‘S¢(Jsrk+qntk (w),ne,,) — ark‘ < ‘S¢(asrk+q”tk (W), ne,,) — atk‘ + oy, — o, |

)s
Vn 1

Tl,tk

for g =0,...,p — 1. Therefore,

-1
G p
— < Z }SSO(O'STkJrqntk (W)vntk) - aT‘k'
Thty, —

q=0

Va 1
Sp( tk(¢)+8k+).

Ty, k

(17)

Moreover, by (12), we have
Hy < 2(n = sy, — prg) [lpll < 204 0] - (18)
Collecting the estimates (17) and (18), we obtain

2n
S (w,n) = o, | < [Sp(w, 1,) — 0| + tkn”‘p”

(19)

4 p(Vntk (()0) + ntkgk) 4 png,
n kn -’

In a similar manner to that in the proof of (6), one can show that the
first term in (19) tends to zero when n — oco. Moreover, using (12) and
condition (i), we obtain

2y ol o 2mu llell _ 2n flell

n - Srk NTk
when n — co. On the other hand, it follows from (12) that

0 (20)

png, < l
e (21)
and
p(‘/tk (@) + ntksk) < Vntk (SO) + N, €k -0

(22)

n gy,
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when n — oo (since k — oo when n — oo). Hence, property (13) follows
readily from (19), (20), (22) and (21). This completes the proof of the
theorem. 0O
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